We study the light-quark mass and spatial volume dependence of the matrix elements of ∆B = 0 four-quark operators relevant for the determination of V ub and the lifetime ratios of single-b hadrons.
I. INTRODUCTION
In inclusive decays of single-b hadrons, spectator effects play an important role in extracting their decay widths and the lifetimes of different species, because the light constituent quarks in a parent hadron participate in the weak process. For a number of years there have been suggestions that the Λ b lifetime in particular had significant corrections from spectator effects [1, 2] . Recent measurements tend to favor more natural values [3] :
Nevertheless, better theoretical determinations of these quantities including other single-b baryons are still highly desired in order to compete in precision with experimental measurements, as well as to test the validity of the Heavy Quark Expansion (HQE). Comparisons of HQE predictions and measurements of the lifetime ratios for different b-flavored hadrons are found in [4] . In particular, the dominant source of systematic uncertainties in predictions from the HQE is the unknown size of the matrix elements of ∆B = 0 four-quark operators, and these can be determined from first principle calculations, i.e. lattice QCD simulations.
The theoretical calculation of the decay width can be done systematically using the optical theorem, which relates the total decay rate of the single-b hadron H b to the imaginary part of the matrix element of the forward scattering amplitude,
where M H b is the hadron mass. Here the transition operator T is given by
where L ef f represents the effective ∆B = 1 weak Lagrangian renormalized at the scale of b-quark mass, µ = m b . Since the energy release is large (∼ m b ) in b-hadron decays, the operator product expansion (OPE) is applicable to construct local ∆B = 0 operators having the same quantum numbers, with suppression by inverse powers of m b accompanying increasing operator dimensions. Using the OPE, one can write the decay width by
where c k (µ) and O 
where b denotes a b-quark field and q a denotes a light-quark field of flavor a. The color indices α, β and the Lorentz indices µ are summed, but the flavor indices a are not. In fact, although these effects are suppressed by an additional power of 1/m b , the contributions are numerically enhanced by a phase-space factor of 16π 2 relative to b-decays because of 2 → 2 scatterings instead of 1 → 3 decays [1] .
It was also pointed out that the contribution of the four-quark operators in Eq. 5 can be significant to the inclusive decay B → X u ν which is closely related to the determination of V ub [8] . The four-quark operators relevant to this semi-leptonic decay are given by O 1,u −O 2,u at the scale µ = m b and their matrix elements can be parameterized by
where f B and M B are the decay constant and the mass of B meson, respectively, and B 1
and B 2 are phenomenological parameters called bag constants. In the vacuum insertion approximation (or factorization) [9, 10] , we have B 1 = B 2 and the spectator effects in Eq. 6
vanish. However, the actual values of these matrix elements should be determined from non-perturbative calculations and can be much different than that from the factorization approximation. In Ref. [8] , for instance, the author showed that the correction to the branching ratio, δB(B → X u ν ), by spectator effects substantially enhances the estimate of the corresponding errors in the hybrid expansion, e.g. a violation of the relation B 1 = B 2 by 10% makes the correction of the branching ratio twice larger than the estimated uncertainty in Ref. [11] .
In the OPE, the Wilson coefficients c k (µ), which embed the dependence on scale µ, are determined from perturbative calculations while the matrix elements of local four-quark operators can be computed nonpertubatively, potentially from lattice QCD (see Ref. [12] and references therein). From the point of view of lattice QCD, difficulties arise from the fact that the light quark of the operators q can be different from the light valence-quark of the single-b hadrons q , i.e. q's are contracted to themselves, so called "eye-contractions" [8] : the operators could mix with lower dimensional ones requiring a power-law subtraction. In addition, lattice calculations of the matrix elements including disconnected diagrams generally suffer from a noise problem. Although it is inevitable to avoid such difficulties in the calculation of the semi-leptonic decay, it is expected that the contributions of the eye-contractions are negligible in the calculation of the B-meson lifetime ratios due to the light-quark flavor symmetry. In particular, we find that the matrix elements of the λ 3 flavor-octet operators involving external B d meson, which are relevant to the determination of
do not only exclude the eye-contractions, but also the disconnected contributions 2 at the next-to-leading order in chiral expansion.
The purpose of this paper is to compute the one-loop chiral corrections, which are functions of light-quark mass (or pion mass), to the matrix elements of ∆B = 0 four-quark operators in Eq. 5. At present, the light-quark masses in many lattice studies are not physical due to limited computing resources, and thus the chiral extrapolation to the physical quark masses is essential to obtain the matrix elements with high-precision. To do this, we consider heavy hadron chiral perturbation theory (HHχPT) [13] [14] [15] [16] [17] at finite volume [18] [19] [20] as the machinery to write the four-quark operators in terms of low-energy degrees of freedom, heavy hadrons and Goldstone mesons. Moreover, our calculation is performed in partially quenched chiral perturbation theory (PQχPT) [21] which is appropriate for cur-2 More precisely, the "disconnected" means the flavor-disconnected in which the light-flavor quarks in the operators are not connected with those in the external hadrons. Throughout this paper, similarly, the "singlet" and "octet" mean the flavor-singlet and -octet, respectively. rent and foreseeable lattice calculations, as well as it naturally distinguishes disconnected diagrams from connected ones. Although the heavy quarks are assumed to be static, we consider the leading effect of various mass differences among B mesons and single-b baryons.
For B mesons, the chiral corrections to the matrix elements of infinite volume QCD were previously calculated in Ref. [22] . 
II. PARTIALLY QUENCHED HEAVY HADRON CHIRAL PERTURBATION

THEORY
The interactions of heavy hadrons containing a heavy quark with Goldstone mesons can be described in the framework of chiral perturbation theory (χPT) combined with heavy quark effective theory (HQET). The inclusion of the heavy-light mesons into χPT was first carried out in [13] [14] [15] and extended to quenched and partially quenched theories in [23, 24] .
The 1/M P and chiral corrections were investigated in [25] , where M P is the mass of the heavy-light pseudo-scalar meson. The "superfield" appearing in this effective theory is [26] 
where P (b) i and P * (b)
i,µ annihilate pseudo-scalar and vector mesons containing an anti-b quark and a light quark of flavor i. For convenience, the space-time variables in the fields and transformations do not explicitly appear throughout this paper (e.g.
In the heavy quark formalism, the momentum of such mesons is given as
where v µ is the 4-velocity of the meson fields. Under a heavy quark spin SU (2) transformation S h and a light-flavor transformation U [i.e., U ∈ SU(3) for full QCD and U ∈ SU(6|3) for partially quenched QCD (PQQCD)], the field H (b) transforms as
The conjugate field, which creates mesons containing an anti-b quark and a light quark of flavor i, is defined asH
and transforms under S h and U asH
The inclusion of baryons containing a b-quark and two light quarks into χPT was first proposed in [15] [16] [17] , and the effective theory was generalized to the quenched and partially quenched theories in [27] [28] [29] . In the limit m b → ∞, the heavy quark's spin decouples from the system and the total spin of the light degrees of freedom is conserved. Because of this property of the heavy-quark symmetry, one can classify baryons by the total spin quantum number of the light degrees of freedom, s = 0 or s = 1. These two types of baryons carrying light flavors i and j can be included into SU(6|3) PQχPT by introducing the corresponding interpolating fields at the quark level as
where C is the charge-conjugation matrix, α, β, γ are the Dirac indices, and a, b, c are color indices. These flavor tensor interpolating fields satisfy
where the grading factor η k accounts for different statistics of quarks in PQQCD, 
The T and S fields form a 39-and a 42-dimensional representations of SU(6|3), respectively.
The baryon fields appearing in HHχPT have the same flavor properties of the corresponding interpolating fields as in Eq. 11, where the combination of the heavy-quark spin 1/2 and the total spin of light quarks s leads us that T baryon carries spin 1/2, while S baryon carries both spin 1/2 and 3/2 which are degenerate in the heavy-quark limit. If we restrict our attention to the pure valence-valence sector, we recover the familiar baryon tensors of QCD. For s = 0, the baryon tensor T (valence-valence) ij is anti-symmetric under the exchange of light-quark flavor indices and explicitly written as
where the superscript indicates the 3-component of the isospin. For s = 1, the baryon tensor S ij is described by the superfield
where B ij and B * µ ij are spin-1/2 and 3/2 baryons, respectively. 3 In the valence-valence sector, the baryon tensor B (valence-valence) ij is symmetric under the exchange of light-quark flavor indices and explicitly written as
and similarly for the B * µ ij fields. Under the heavy-quark spin transformation S h and the light-flavor transformation U ,
3 The baryon field
The conjugate fields, which create single-b baryons, are denoted asS µ ij andT ij . In PQχPT, the leading-order (LO) chiral Lagrangian for the Goldstone mesons is
where Σ = exp(2iΦ/f ) = ξ 2 is the nonlinear Goldstone field, with Φ being the matrix containing the standard Goldstone fields in the quark-flavor basis. In this work, we follow the supersymmetric formation of PQχPT where the flavor group is graded [21] . Therefore
where
is the left-handed (right-handed) light-flavor transformation.
The operation str[ ] means "supertrace" over the graded light-flavor indices. The low-energy constant B 0 is related to the chiral condensate by
and the quark-mass matrix in the isospin limit is
We keep the strange quark mass different from that of the up and down quarks in the valence, sea, and ghost sectors. Analogous to QCD, the strong U(1) A anomaly can give rise to the large mass of the singlet field Φ 0 = str(Φ)/ √ 6, i.e. same size of the chiral symmetry breaking scale, and thus Φ 0 can be integrated out, resulting in residual hairpin structures in the two-point correlation function of neutral mesons [30, 31] .
The Goldstone mesons couple to the above B meson and single-b baryon fields via the field ξ, which transforms as
where U is a function of U L , U R , and Φ. The field ξ can be used to construct the vector and axial-vector fields of meson,
As the vector field plays a role similar to a gauge field, the chiral covariant derivatives which act on B meson and single-b baryon fields can be defined as
The LO effective Lagrangian in the chiral and 1/M B expansions is 
The parameter ∆ (B) is the mass difference between the S and T fields with same light flavor indices,
which is of O(Λ QCD ) and does not vanish either in the chiral limit or in the heavy-quark limit.
In one-loop chiral calculations, the effects of SU(6|3) flavor symmetry breaking appear through the mass differences of hadron fields:
The terms proportional to λ cause a universal shift to the single-b hadron masses, while the terms proportional toλ attribute to the mass differences,
where s represents the spectator quark and we assumeλ 2 =λ 3 . We also consider the effects of heavy-quark spin symmetry breaking at
which vanishes in the heavy-quark limit. The α term provides the mass difference between the B * and B mesons with same light flavor,
In principle, there are also analogous heavy-quark spin symmetry breaking terms in the baryon sector, resulting in mass differences between B ij and B * µ ij baryons in Eq. 14. However, we neglect these mass differences which are numerically much smaller than ∆ (B) [33] . 
with
Here Γ (1) and Γ (2) are the appropriate spin and color matrices. Following the standard construction of the operators from heavy hadron fields, we can consider Γ (1) and Γ (2) as spurious fields. To make the operators invariant under SU(2) heavy-quark spin and SU (6|3) flavor transformations, the spurious fields must transform as
The symbol "δ eye " denotes the contribution of the eye-contractions, where the light quarks in the four-quark operators O are contracted by themselves, while the symbol "λ PQ " denotes the partially-quenched extension of the Gell-Mann matrix. It is convenient to classify the operators according to three types of quarks, (valence, sea, ghost), transform under the chiral rotation of SU(3) val SU(3) sea SU(3) ghost ; the Gell-Mann matrices can be extended in a simple way, λ
, where λ 0 = diag(1, 1, 1) for the flavor-singlet and
for the flavor-octet. Here, we introduce "λ sea " to distinguish the disconnected (non-valence) contributions from the connected (valence) ones, i.e. λ sea = 1 or λ sea = 0 depending whether the disconnected contributions are included or not.
The LO operators in HHχPT relevant to the four-quark operators in Eq. 32 can be written
where the tilded operatorsÕ HM for heavy-light mesons andÕ HB for single-b baryons are defined in below Sec. III A and Sec. III B, respectively. 5 At the tree level in the chiral expansion, the first term corresponds to connected diagrams, while the second term corresponds to disconnected diagrams which are absent for the octet. Notice that, as will be seen in Sec. IV, the first term generates disconnected diagrams as well as connected ones at the NLO one-loop level.
A. ∆B = 0 four quark operators for heavy-light B-mesons
The most general bosonized form of the four-quark operators for heavy-light B-mesons in HHχPT is 
5 The operatorÕ (bare) is the tree-level operator ofÕ, i.e. the four-quark operators are not dressed by Goldstone mesons. 6 The field H in Eq. (7):
The Dirac structure Ξ x = 1, γ µ , σ µν , and possible combinations with v and γ 5 .
Since Γ (1) and Γ (2) are left-and right-handed current respectively, the last four terms in Eq. 36 vanish. In summary, the operators inÕ
can be reduced to
where Ξ x ∈ {1, γ ν , σ νρ } and the bracket [ ] denotes the trace over the Dirac space. After evaluating the trace, we obtain
where β andβ are linear combinations of α i,x andᾱ i,x , respectively. Explicitly we have, for
for i = 2, 4
As shown above, the low-energy constants (LECs) for pseudo-scalar and vector meson mixing processes are different in all cases, which is different from the results in Ref. [22] where LECs for the case of i = 2, 4 are same. Since having a single LEC for the operators in an effective theory greatly simplifies chiral extrapolation of corresponding lattice data, it is important to confirm our result from another consideration. For this purpose, consider our four-fermion operators, O i,a , which appear in HQET [35] [36] [37] as,
where Γ are the appropriate Dirac and color structures, while Q andQ are the fields annihilating a heavy quark and heavy anti-quark, respectively. Note that these fields do not create the corresponding anti particles but their conjugate fields do.
We also consider the heavy quark spin operator [38]
where The most generalized form of four-quark operators for single-b baryons in HHχPT is
where i = 1, 2, 3, 4, and Ξ and Ξ µν are all possible Dirac structures,
and possible combinations with γ 5 . Any insertion of γ 5 changes at most the overall sign.
One may consider the termsT
] along with their conjugates which are invariant under SU(2) heavy quark spin symmetry, where
However, we exclude these terms because, along with λ PQ , they violate the SU(6|3) L+R flavor symmetry. By evaluating the Dirac matrices we obtain
where β 's are linear combinations of α 's. The explicit values of β 's are, for i = 1, 3, 
and for i = 2, 4,
Unfortunately, this result implies that none of the low-energy constants are related to each other, and thus all of them must be considered as independent parameters in fitting lattice QCD data.
IV. MATRIX ELEMENTS OF ∆B = 0 OPERATORS
The generic forms of the matrix elements of ∆B = 0 four-quark operators in SU(6|3) partially quenched HHχPT can be written as
for B mesons 8 and while those with k = 3, 8 are given in Table I for B mesons and in Table II for T and S baryons.
There are three types of non-analytic one-loop contributions, the wavefunction renormalization resulting from the self-energy diagrams (W), tadpole (T ), and sunset (Q) diagrams, as depicted in Fig. 1 . We perform these calculations both at infinite volume and on a torus of length L in each of three spatial directions (the temporal extent is assumed to be infinite), 
A. One-loop contributions for B Meson
First, we study the one-loop contributions for B mesons in Eq. 50. To take account of the flavor SU(3) breaking effects from both the Goldstone masses and the heavy-meson spectrum, we investigate the structure of the one-loop diagrams by analyzing the quarkflavor flow picture [39] . To do this, we define the rules as below.
• Each flavor flow line in a one-loop diagram has a direction and a flavor index: the flow along the direction means a quark with that flavor, while the flow against the direction means its antiquark. We drop the flavor index of a b-quark because of its irrelevance to our discussion.
• The "tilded" coefficients are for the hairpin contributions from the flavor-neutral mesons.
• The "bar" notation in the coefficients denotes the flavor-disconnected diagrams appearing in the chiral expansion, which are distinguished from the eye-contraction in Eq. 35.
Following the above rules and the quark flow picture in Fig. 2 , the wave-function renormalization contributions can be written as [19] The loop contributions for tadpole integrals are completely determined by the structure of the four-quark operators in Eq. 39, where the flavor SU(3) breaking effects arise solely from the Goldstone masses. As a result, we obtain
where the summation runs over all possible Goldstone mesons in SU(6|3) PQχPT. The non-analytic function I is defined in Appendix A and the coefficients x andx are given in Table III in Appendix B. Notice that all hairpin diagrams cancel out and do not contribute to any one-loop tadpole corrections.
The quark flow picture for sunset diagrams is presented in Fig. 3 , where the crossed square represents the four-quark operator O λ PQ k including both the eye-and noneye-contraction in Eq. 35. The hairpin diagrams for the noneye-contraction give rise to the connected contribution, while the others give rise to the disconnected contribution. The contributions from the sunset diagrams are then summarized as
where the second term sums over all pairs of flavor-neutral states in the valence-valence sector, i.e. φφ runs over η u η u , η u η s , and η s η s . The coefficients are given in Table IV in Appendix B.
B. One-loop contributions for single-b Baryon
To discuss the structure of the single-b baryon one-loop diagrams within the quark-flavor flow picture, we introduce one more rule:
• The "primed" coefficients are for the one-loop diagrams involving the internal T baryon, while the unprimed coefficients for the diagrams involving the internal S baryon.
In Fig. 4 , we show the quark-flavor flow picture for the baryon self-energy diagrams. Following the above rule and the rules defined in Sec. IV A, we obtain the contributions from the wavefunction renormalization for T and S baryons [20, 29] ,
where the summations are over the Goldstone mesons in SU(6|3) PQχPT. The coefficients w, w ,w, andw are presented in Table V the four-quark operators, while the other is the spectator quark. Therefore, the situation for the baryon tadpole and sunset diagrams is more involved compared to those for the meson diagrams. We first obtain the contributions from tadpole diagrams, Table V. where the coefficients x T (S) andx T (S) are given in Table VI Table VII, Table VIII and Table IX .
The contributions from the sunset diagrams for T and S baryons are summarized as
where the summations are over the Goldstone mesons in SU(6|3) PQχPT. The coefficients y, y ,ȳ,ȳ ,ỹ andỹ are presented in Table VII, Table VIII and Table IX in Appendix C. Table VII, Table VIII and Table IX .
C. Evaluation of one-loop contributions
In this subsection, we evaluate the one-loop diagrams including external with central values of g 1 = 0.449 and g 3 = 0.71, respectively. We also vary the ratios of P * to P and S to T LECs over the reasonable ranges, |β 2 /β 1 | < 2 for B mesons and
We first consider SU(3) theory in the isospin limit. The typical one-loop contributions involve kaons or η-mesons, where their chiral logarithms in the SU(2) chiral limit are given Eq. A1, we find that the size of one-loop contributions is comparable with the LO matrix elements. Therefore, the convergence of the SU(3) chiral expansion of the matrix elements becomes questionable. Fortunately, for chiral extrapolations of lattice results one only requires knowledge of the pion mass dependence, and this can be achieved within SU(3) theory by taking the subtraction scheme below inspired by SU(2) chiral perturbation theory, where the one-loop chiral logarithms vanish in the SU(2) chiral limit [20, 43, 44] . Notice that the use of different subtraction schemes in one-loop integrals results in the finite renormalization of the LO matrix elements, but does not change physical quantities such as the hadron masses. We define the non-analytic functions I sub (m) and H sub (m, ∆), which are relevant to the one-loop calculations, as
where m 0 and ∆ 0 are the mass of Goldstone mesons and the mass difference between external and internal single-b hadrons at zero pion mass, respectively. We recall that the mass of a Goldstone meson is written as
, and the strange quark mass M s,s is fixed. The above non-analytic functions involve logarithms of the masses of Goldstone mesons, where for kaons and η-mesons these logarithms 10 are much less sensitive to the pion mass than those for pions are. Note that GeV, respectively. The physical values of hadron masses used in the determination of these various parameters are found in Ref. [40] . 10 In the SU(2) limit, where the mass of strange mesons can be treated on the same order as the chiral symmetry breaking scale, such logarithms vanish and we recover the subtraction scheme used in the context of SU(2) theory [20] . the subtracted terms are constants and appropriately absorbed by the counterterms.
Our current understanding on the matrix elements are very limited; see Ref. [12] for the summary of previous determinations. In particular, there are only a few quenched lattice simulations in Ref. [45, 46] for B mesons and in Ref. [47] for Λ b . Instead of using the definite values of the LECs β 1 and β 3 , therefore, we rather calculate the NLO one-loop contributions normalized by the LO LECs as follows:
where B denotes the external single-b hadron, while β denotes the LECs β 1 and β 3 for B mesons and Λ b baryon, respectively. Here we use the subtraction scheme defined in Eq. 58
and neglect the analytic terms in Eq. 50 and Eq. 51. The results of one-loop calculations are For idealized values of LECs, namely β 2 = β 1 and β 3 = −β 1 + 2β 2 , the disconnected diagrams provide a sizable contribution to the matrix elements for the λ octet, but it receives no disconnected contributions. Since the eyecontractions also vanish, one can in principle determine this matrix element very accurately from the calculation of connected diagrams which are accessible by current lattice techniques.
Moreover, its precise value will play a crucial role in the investigation of the life-time ratio [12] . Now, we explore the finite volume effects in ∆B = 0 matrix elements for external B d , B s mesons, and Λ b baryon. To this end, we consider the change in the finite volume matrix elements relative to the infinite ones normalized by their three-level values, order matrix elements, Eq. 39 and Eq. 47. Finite volume effects are at the few-percent level for a lattice volume of L = 2.5 fm, and should be taken account into the extrapolations as they become important in high-precision calculations.
where µ is the renormalization scale and with
To study finite volume effects in the limit mL 1, we consider a cubic spatial box of V = L 3 with periodic boundary conditions. The three-momenta are quantized as k = (2π/L) e, where e 1 , e 2 , e 3 = −L/2 + 1, · · · , L/2. After subtracting the ultra-violet divergence like as in Eq. A2 and Eq. A3, we instead obtain the sums
The finite-volume pieces are given by [18] [19] [20] 
where n = (n 1 , n 2 , n 3 ) with n i ∈ Z, n ≡ | n|, and
The functions appearing in the one-loop results are
where the function H η from the integral of hairpin diagrams is
The coefficients in the functionH are defined by
V Ss . Notice that we take the isospin limit as in Eq. 20. In the QCD limit (setting valence and sea quark masses to be identical), we have
Appendix B: coefficients for chiral one-loop contributions in B-meson
In this appendix, we present the coefficients in Eq. 53 and Eq. 54 corresponding to the tadpole-and sunset-type diagrams. These coefficients are summarized in Table III and   Table IV . In this appendix, we present the coefficients in Eq. 55, Eq. 56, and Eq. 58 corresponding to the self-energy, tadpole, and sunset one-loop diagrams. These coefficients are summarized in Table V, Table VI, Table VII, Table VIII, and Table IX . 
